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Heteroscedastic regression analysis method for mixed data
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Abstract: The heteroscedastic regression model was established and the heteroscedastic regression analy-

sis method was presented for mixed data composed of complete data, type- | censored data and type- Il cen-

sored data from the location-scale distribution. The best unbiased estimations of regression coefficients, as well

as the confidence limits of the location parameter and scale parameter were given. Furthermore, the point esti-

mations and confidence limits of percentiles were obtained. Thus, the traditional multiple regression analysis

method which is only suitable to the complete data from normal distribution can be extended to the cases of

heteroscedastic mixed data and the location-scale distribution. So the presented method has a broad range of

promising applications.
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Introduction

In multiple regression analysis, the-model is
referred to as heteroscedastic regression model if
the variance ofidisturbance varies with the obser-
vations. Heteroscedasticity \is a\ very.eommon
phenomenon in engineering technology and econ-
ometrics. For example, /in the test of SN and
P-S-N curves for materials+s the dispersity of life
augments as the stress level decreases, which is
indicated by a great number of experimental re-

]

sultst. This means that the disturbances of life

at different stresses have unequal variances.
Heteroscedasticity of data can be tested by sev-

[2-3]

eral test methods graph method,

e. g.
Spearman rank correlation coefficients test, Gle-
jser test, Goldfeld-Quandt test. It is of great
significance to develop a statistical inference for
the regression models with heteroscedasticity.

In the previous works, FU and HUANG""

established the best unbiased integral estimation
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of the location-scale distribution parameters for
type—1{~censored data with heteroscedasticity.
FU and YUE™" presented the regression analy-
sis methods~for mixed data which are composed
of eomplete data, type-I censored data and type-II
censored data with homoscedasticity. In this
study, the heteroscedastic regression analysis
method for mixed data is put forward under the
location-scale distribution. Thus, the traditional
multiple regression analysis is extended to the
cases of heteroscedastic mixed data and location-

scale distribution.

1 Heteroscedastic regression
analysis for mixed data

Location-scale distribution is widely used in
engineering. Many popular life distributions be-
long to the location-scale distribution family, in-
cluding Weibull distribution, the extreme value
distribution, normal distribution, and log-nor-

mal distribution. The random variable y is sup-

Foundation item: Supported by the National Natural Science Foundation of China (Grant No. 10472006)

E-mail: fuhuimin@263. net



722 i

K}

A B

% 26 %

posed to follow the location-scale distribution
with the cumulative distribution function (cdf)

—pa, x) . -
F[y—”—o(b,x) ] << D)

where p(a, x) and o(b, x) are the location pa-
rameter and scale parameter at the state (inde-

pendent variable) x= Cx;, 255, 2,.) 7, respec-

tively. The column vectors a= Cay» aj» s a,)’
and b= (by, by, ***

ters to be estimated. Let

, b)T are distribution parame-

o _ Y_ E/_.(as x)
Y o(b. x) 2

then y° is the random variable from the standard
location-scale distribution with the cdf F(y°)
and the probability density function (pdf) f(y°),
where F(y’) and f(y°) do not rely on any un-
known parameters.

In many situations, p(a,x) and o(b, x) can

be expressed as the functions of x in the follow-

ing forms
h
a0 = >, a;¢;(x) 3
j=0
6(by x) =D b;; (x) 4)

=9
where ¢;(x) (j, =-030,-,h) and ¢;(x) (j = 0;
1,++,s) are known functions\of the state x. The
relationship between p(a, x), o(b, %) and a.b, x
can be derived from many approaches, such as
the physical modelof the investigated issues, the
results of relative theoretical derivation, or the
empirical formulas. Moreover, the relationship
in Egs. (3) and (4) can be tested by referring to
Ref. [7].

1.1 Heteroscedastic regression model

Suppose that the test was performed at m
states. A random sample of n; specimens were
put on test at the ith state x; = Cxy5s a2is ***»
x,))", and q, specimens were observed to fail-

ure. The ordered failure data were denoted by

y1<yp<<'<y; . The mixed data obtained at
m states were composed of three parts:

1) Complete data obtained at the first m
states Xips Xo s *° s X, At these states, q;, = Ni»
i=1,2,,m.

2) Type-Il censored data obtained at the
At these

states, the largest failure data equals to the cen-

next mp states X, +1s Xu +29 "% s X +m, «
soring time, and ¢, <<n;, i=m +1,m +2,--,
m; +ms.

3) Type-1 censored data obtained at the
last my states X m,+15 X +m 20 """ s Xo by +my 5
and m; +m; + ms = m. At these states, the cen-
soring time denoted by Vicg+1) 18 larger than the
largest failure time yi, .

According to Ref-T8], Yo (1= +m, +
1ymy +mp + 2,00

served“value of ‘the '¢;th interval statistic from

,m) can'be regarded as an ob-

the location-scale distribution with a sample of
size n;.

According to Eq./(2) 5 _w€ can obtain

yi = pla, x;) +a(b, x;) yi
i=1,2,,m +m,

R=1,2, s
=mtmt+1l,m +m+2,,m,

k=1,2,,q+1 (5

when

when

where y, (i=1,2,+,m; k=1,2,+,q;) is the
kth order statistic under the standard location-
scale distribution with a sample of size n;, and
y?<q,+1> CGi=m+m+1,m+m+2,+,m) is the
q:th interval statistic from the same sample. Let
u;, and vy, denote the expectation and covariance
of order statistics from standard location-scale
distribution, respectively, i. e.
ECyi) = uy (6)
Cov (v s yu) = Vi (D
in which uy and vy, can be calculated by the fol-

lowing formulas:

I n; f}; 0 pr O 0N k-1 _ N T S A
e T YT Py YV FOGOLFGH I = FGy) " dy
i=1,2,sm; k=1,2,,q (8)
i 1 ! - o o o q; o n—q o
Uicg 1) = 7<nl+7)' J y fCDOLFGD Y[ — F(yH 1" “dy
qi ! ( n; q;) [

i=m+m+1.m +m +2,.m 9
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o )
viu = E( Yik s yu) T Ui Uy

n; !

(k—DI1(l—k—D1(n— D1 "

ECyisyi) =

J7J7X y(i)ky(i)lf(y(i)k)f( y(i)l)[F( y(i)k)]}hl [F( y(i)t) — I( y(i)k)]lilhl [1 — F( y(i)t)]“;[ dy(i)kdy(i)t
1::1’29""7)1; k,l:1,2,‘"9q;

E{ o o }7 (7ll+1)' .
Yik s Vicq+1D 7(k*1)!(qi*k)!(ni*ql)!

(10)

(11D

J,,—A—;J,m }’?}z y?(q,.H) f( y?k ) f( y(x)(qﬁ*l) ) [F( y?k ):|kHl I:F( yf<ql+1> ) — F( y(z)k ) ]q’ik[l — F( yf<ql+1> )]n,*q, dy?k dyiql+1>

i=m+m+1l.m +m+2,.m; k=1,2,,q+1

Defining the disturbance corresponding to when i=1,2,,m +my,
X; as E=1,2, s qis
& = 0Cby x) (3l — ua) (13 when i=m+m+1,m+m+2,-
then from Egs. (6) and (7) we can know that k=1.2, 07+ 1
E(er) =0 QY 0 )
Cov(ere) = (b x) v (15) Bl y)= ;“f"o‘(""”r“"k;[’f‘pf(x")
Substituting Egs. (3), (4) and (13) into
Eq. (5), the heteroscedastic regression model for CovCyirs yi) =5 & (ba'x:) vie
mixed data can be given by For simplicity, let
Vi = 2 a;@; (xi) + w Z bid; Cx )i 0. =Ca;»aps s sansbysby s sb)T
i=0 =0
Cyi's v ,"‘,yiql)T 1= 1,25, m + m,
v Cyi s Vi ,"',y;(q,ﬂ))T i=m+m+1l,my +m +2,.m
(Eil,eiz,"',siql_)T 1= 1.2y ym + my
o {(e,l 2 €2 5 """ s Eig 4D )T i=m+m+1.my +m +2,ym
v _ L viet Jgxq, i= 1,2, sm + m
o {[Uikl]<q[+1>x<qi+1> i=m+m+1lom+m+2,,m

%(x,») b go;y(x,‘) gbo(x,-)u;l eee (l);(x,')u,'l
(Po(xi) b goh(xl-) gbo(xi)uiz b gb_\(xi)uiz

1= 192;”'7)711 + nmy

(Po(xi) o goh(xl-) gbo(xl-)uiqi oo (/J)(xl-)u;q,

gDo(xi) b goh(xi) cl)o(xl)uil b gb‘\(xi)uﬂ
%(x;) o SDh(x,‘) gbo(x;)u;z oo ¢3(x,)ui2

i

%(xi) SDh(xi) Sb()(xt)ui(ql+l) (‘bs(xi)ui(qi+l)
i=m+m+1,m +m+2,.m
then the heteroscedastic regression model yi=7Z0+¢g

Eqgs. (16) ~ (18) can be rewritten in matrix E(y)=Z0
forms as Cov(y)=d(b,x)V,

(12

s My

(16)

an
(18)

19

20

@D

(22)

(23)

@24

(25)
(26)
@27
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1.2 Unbiased estimations of parameters

Using the Gauss-Markov theorem., let the

residual sum of squares is

. (y, - Z,‘O)T‘/T1 (y, - Z,O)
= 2
Q ; & (b, x;) 28
Letting
IQ _
70 0 (29)

then the best linear unbiased estimation of 0 can
be given by
LT =

6: (d@adl""v(ihsbo,bla"'

{2 ZV.% | (2 ZViy | (3
“—~ 6° (b, x;) “~ " (b, x,)
And the covariance matrix of 0 is
N ey A
Cov(6) = {2 T 31

If ¢(b,x;) (i=1,2,-

advance, the unbiased estimation of 0 should be

, m) is unknown in

calculated by the following steps:

1) Let the initial value of ¢ (b, xp)_(i= 1
2,-+,m) in Eq. (30)~equals\l, then_the initial
estimated value of 0.= Cays ai ' @y by s by 5 =2
b)T can be obtained.

2) Substituting the\initial\estimated value of
bosbys*+sb, into Eq. (4), the iterative estimated
value of ¢ (b, x;,) canbe obtained.

3) Substituting~the obtained iterative esti-
mated value of ¢ (b, x;) into Eq. (30), and the
process is iteratively repeated until the estimated
value of ¢ (b, x;) become stable.

It has been testified by enormous process of

computing that the specified iterative precision

can be reached after a few iterations.

1.3 Confidence limits of location parameter and
scale parameter

According to Egs. (3) and (4)., the unbi-

ased point estimation of p(a,x) and o(b, x) are

h

ila ) = D, d0,(x) (32)
j=0
(b = > b, (0 (33)

i=0

Large amounts of Monte-Carlo simulations

had been conducted and the results showed that

0 approximately submits the normal distribution
if the total number of failures Zq,- is great in
i=1

quantity. Therefore, the one-side upper confi-

dence limits and lower confidence limits of

p¢(a, x) and o(b, x) can be given by

h
() = D d;(x) +
j=0

Il
wo [ D e (g, (0 (34)
iy iy =1
h
o () = D7 G0 —
j=0
i1
Uy Z Ciy iy gO,'lf] x) 501’271 x) (35)
Jyeip=1
O'up(x) X Z 6,‘(!)_,‘(.‘?) +
j=0
ht-st2
uy/\/ Z lejzg[)jlf;hz(x)g[)jzf;sz(x) (36)
Jprip=h+2
Olow (X)) = Z I;_igbj(x) —
i=0
ht-s+2
y J D0 G e (g (0 (3T
iy iy =2

where 7 is the degree of confidence, u, is the
1007th percentile of the standard normal distri-

bution, and

m -1

[C ] o Z Z;rVTlZz
i Chtst2) X (htst2) — 9
s . = (b x)

(38

1.4 Point estimation and confidence limits of

percentiles

The unbiased estimation of the 100 Pth per-

centile of the random variable y at the state x is

h

(0 = D) ae(x) +

j=0

FP) D) by (0 (39)
i=0

Its one-side upper confidence limit yp,, ( x) and

lower confidence limit ype, (X) are

h

Vi () = D G, (0 +

j=0

F'(P) DY) b (0 + uy Vo (40)
i=0
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h

Vriow () = D) G0 (x) +

i=0

FUPY) (0 —wfo (4D

j=0

Where
ht1
o= 2 ¢ @01 (x)+
jpripg=1
ht1 htst2
FUP) DT >0 oo (0 e (0 +
i =lig="ht2
htst2  htl1
FU(P) D) D) 6, ¢ne (0 ¢, (0 +
i =ht2 g, =1
P htst2
|:F1 ( P)} 2 le iz (l)},'lfhfg(x) (l)jthfz ( x)
iy vig=ht2

42)

2 Heteroscedastic regression
analysis method for several

widely used distributions

2.1 Normal distribution case
Suppose the random variable y folloews._the
normal distribution with the cdf

_ vy pla, x)
Flp=e 2 44 | (43

where p(a, x) and o(b, x) are, respectively._ the
mean value and the standard deyviation at _the
state x= (215 22+ 2,0 ", and @( =) denotes
the cdf of the standard/normial distribution. If
the relationship between-u(a, x), o(b, x) and the
state x can be expressed as the forms of Egs. (3)
and (4), the best unbiased estimation of ay,***,
, b, can be obtained by Eq. (30).
The uy and vy, in Egs. (22) ~(24) are the expec-

ap and bo s 0

tations and covariances of the order statistics
from standard normal distribution, respectively.
The expectations u;, and covariances vy, of order
statistics for sample size up to 20 were tabulated

Then the tables

were extended to sample size 50 by Tietjen et

by Sarhan and Greenberg .

all’™ . Later more precise values of these tables

Recently, FU and

LINM studied the computation of wy and vy, for

were given by Parrish!'''?,

large sample size. Consequently, wu; and vy, can
be obtained by consulting the tables in Refs.
[11-12] when the sample size is smaller than 50,

and can be calculated by referring to Ref. [13]
when the sample size is larger than 50.

The confidence limits of the mean value
p(a, x) and the standard deviation o(b, x) can be
obtained according to section 1. 3. The point es-
timation and confidence limits of percentiles can
be computed in terms of section 1.4 with F ' (P) in
Eqgs. (39) ~(42) substituted by ® ' (P).

2.2 Extreme value distribution case

Suppose the random variable y follows the
extreme value distribution with the cdf

F(y)l—exp{ —exp[%}} (44)

where p(a, x) and 6(b, x) are, respectively, the
location parameter and _the scale parameter at the
state x= (xy 5 225+ x,) L. If the relationship be-
tween pld, x), o(b,x) and 'the state x can be ex-
pressed.as the forms of Eqs: (3) and (4), the
sapb and by .o

by can be obtained by Eq. (30).~The u; and vy in
Eqs. (22) ~(24) are the expectations and covari-

Best unbiased estimation of ay

ances of the order statistics from standard ex-
treme value distribution, respectively. Bal-
akrishnan and Chan''" tabulated the expecta-
tions and covariances of order statistics for sam-
ple size up to 30. Therefore, uy and vy can be
obtained by consulting the tables in Ref. [14]
when the sample size is smaller than 30, and can
be calculated by referring to Ref. [13] when the
sample size is large.

The confidence limits of the location param-
eter p(a,x) and the scale parameter o(b, x) can
be obtained according to section 1. 3. The point
estimation and confidence limits of percentiles can be
computed according to section 1. 4, with F'(P) in

1
1— P

Eqs. (39) ~(42) substituted by Inln

2.3 Weibull distribution case

Suppose the random wvariable t follows
Weibull distribution with the cdf

L ]’m} (45)

F(t)lexp{[m

where a(x) and B(x) are the shape parameter

and characteristic life at the state x=Cay, 22,
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x0T, respectively. Let y=Int, then y submits
the extreme value distribution with the cdf given
by Eq. (44), and
nCas x) =InpCx)
(b, x)=1/a(x)
If the pCa, x) and o(b, x) in Eq. (46) can be
expressed by Eqgs. (3) and (4), the heterosce-

(46)

dastic regression analysis for mixed data from
Weibull distribution will be converted into the
heteroscedastic regression of the extreme value

Therefore,

transformation, the mixed data can be processed

distribution case. after logarithm

referring to section 2. 2.

3 Conclusions

The main conclusions of this study are:

1) For mixed data composed of complete da-
ta and censored data, the heteroscedastic regres-
sion analysis method was presented under loca-
tion-scale distribution. The unbiased estimations
of regression coefficients, as well as-the confi=
dence limits of location parameter and scale-pa-
rameter were obtained.

2) The point estimation and confidence-lim-
its of percentiles were given\in the paper. Based
on these, the confidence limits of percentages
can be derived by using the equal principle of the
confidence limit curve-*,

3) The hetergscedastic regression analysis
for mixed data from normal distribution, ex-
treme value distribution and Weibull distribution
were discussed in detail.

4) In the presented method, all the data in-
cluding the complete data and different type of
censored data were analyzed together, Numer-
ous Monte-Carlo simulations showed that the
present method for heteroscedastic data can
reach a high precision.

5) The present method has a wide prospect
of application, as it is applicable not only for the
complete data from normal distribution but also
for heteroscedastic mixed data from some other

location-scale distributions.
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